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Abstract The fractional generalization of Nambu mechanics is constructed by using the dif-
ferential forms and exterior derivatives of fractional orders. The generalized Pfaffian equa-
tions are obtained and one example is investigated in details.
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1 Introduction

Fractional calculus deals is as old as the classical calculus and it deals with derivative and
integrals of any order [8—11, 13, 14, 21, 23, 27]. Derivatives and integrals of fractional order
have found many applications in the recent studies in science and engineering [1, 2, 4, 16,
24-26, 30, 31]. For example, it includes chaotic dynamics [32, 33] mechanics of fractal
media [5, 19, 29], quantum mechanics [12, 17] and etc.

This formalism is shown to provide a suitable framework for the description of non-
integrable systems [22]. Several authors have fractionized the Hamiltonian systems and ap-
plied it to several systems [25, 26, 31]. For example, Riewe has shown that Lagrangian with
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fractional derivative lead directly to equations of motion with non conservative classical
forces such as friction.

In 1973 Nambu proposed a generalization of ordinary Hamiltonian mechanics which is
now called Nambu mechanics. Nambu systems were investigated by several author [6, 7, 15,
18, 20, 22, 28]. The connexion between Nambu and Killing-Yano tensors was given in [3].

In this paper we have shown that fractional Nambu systems can be proposed as general-
ization of the fractional Hamiltonian systems.

Section 2 contains a brief summery of fractional derivative, especially Caputo derivative.

In Sect. 3 we explain briefly the classical Nambu mechanics.

In Sect. 4 we obtain the fractional Hamiltonian equations from the fractional form by use
of generalized Pfaffian equations.

In Sect. 5 we obtain fractional Nambu mechanic from the fractional generalization of
the above mentioned 2-form and we show that fractional Nambu mechanic can be proposed
as generalization of the usual fractional Hamiltonian systems. All of these equations were
found consistent with Liouville theorem [30]. One example in investigated in details.

Section 7 contains the conclusions.

2 Basic Tools

The fractional derivative has different definition [23]. The classical definition is called Rie-
mann Liouville derivative. Due to reasons, concerning the initial and boundary conditions,
it is more convenient to use the Caputo fractional derivative. Its main advantage is that the
initial condition take the same form as for integer-order differential equations. The Caputo
fractional derivative is defined by

o C no 1 * 1 d "
DL =§ D) = s /0 () foan o

where « is order of derivative such thatn — 1 <« < n.
Using Dﬁkxk =T'(2 — &)x* ! and the definition
D ={(D%x) 'D¢ =T Q2—a)x; ' DS

X

we get Dﬁkxk =1 [30]. Using the rule

[« g
v =3 () otngd

k=0

and the relation
ok N
ﬁ{(dx) }=0,
for example, we have
d*{A'(dx;)"} = {D,‘{,.A"}(dxj)“ A (dx;)*

xj is arbitrary variables.
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3 Classical Nambu Mechanics

In 1973 Nambu proposed a generalization of ordinary Hamiltonian mechanics [18] which
is called Nambu mechanics. In this section we study Nambu mechanics in terms of exterior
differential form [20].

Here a Nambu bracket, which is a generalization of the usual Poisson bracket is explained
and we outline the canonical formulation of mechanics by use of the Poincare-Cartan 1-form
Q.

QW = pdg — H(p,g)dt, (e

and we introduce 2-form for Nambu mechanics: for three-dimensional case it is, Q2
Q*=qdp Ndr — HidH, A dt.

In standard analytical, the equations of motion are

. 0H
4=

op
. 0H @)
p= e

The temporal development of any function f(p, g) can be written in terms of the Poisson
bracket as

af

— ={f, H}. 4
o {f, H} 4)
The Poisson bracket {., .} can also be written in terms of the Jacobian [6]
a(f, H)
{f.8}=— - (5)
a(p,q)
Noticing this form, Nambu generalized formally the equations of motion (3) to
d o(f, Hy, Hy)
D if oy = 2L ©)
dt a(g, p,r)

where p, g and r denote a triplet of dynamical variables and H;, H, are two Hamiltonian
with argument ¢, p and r. Equation (6) is a natural generalization of (4) and extended Pois-
son bracket {., ., .} is called the Nambu bracket.

Substituting the triplet (p, ¢, r) for f respectively in (6) we have

. _ (g Hi, H) _ 3(Hy, Hy)

k]

a(g. p,r) a(p,r)
- a(psHl7H2) :a(Hlsz) (7)
a(g, p,r) ar.q)

. 0(r,Hi,H) 0(H, Hp)
a(q, p,1) d(g, p)

Now we outline Hamiltonian mechanics in terms of exterior differential form as preparation
for treating Nambu mechanics. Let us begin by considering the following 1-form Q(Von
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R"*'with coordinate g, p and time
QY = pdq — H(p, q)dt,

the exterior differential of QO is [20]

dQW =6 Ap,
where
0
0 =dp+ —dt,
()
p=dg— —dt

This indicate the close relation between the fundamental 1-form and the Hamiltonian equa-
tions of motion because the Pfaffian equations 8 = 0 and p = 0 are exactly the Hamiltonian
equations (3). Now we will restrict our selves to three dimensional case. The fundamental
1-form in Hamiltonian mechanics can be generalized to the following 2-form Q® on R* of
dynamical variables ¢, p, rand a time ¢,

Q*=qdp Adr — HidH, A dt. 9)

The reason why we choose the above 2-form in Nambu mechanics is shown as follows. The
differential of Q@ is written as

dQ® =0Apnro,

where
o0(H;, H.
0 =dg— ud,,
a(p,r)
J0(H,, H.
o =dr— udt’
a(r,q)
o(H,, H
o=dr — udt.
a(q, p)

Now the Pfaffian equations 6 =0, p =0, 0 = 0 are equivalent to Nambu equations [20].

4 Fractional Hamiltonian Mechanics
The form
QY = pdq — H(p, q)dt, (10)

is called the Poincare-Cartan 1-form. The fractional generalization of this form can be de-
fined by

QY = p(dg)* — H(p, g)(dn)*. (1D
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Note that Qfx” is a fractional 1-form that can be called a fractional Poincare-Cartan 1-form.
Using

d*p =D p(dn)* + D% p(dp)* + D p(dg)”
and identities
d*H A (dt)* =D H(dt)* A (d1)* +D%H(dp)* A (d1)* +DiH(dg)* A (d1)”,
dt)* A (d1)* =0, (dt)* A (dp)* = —(dp)* A (d1)*,
Dip=1, Dip=0 and D;p=0,
we have
dQ = {(dp)* + D H(d1)"} A {(dg)* — DS H (d1)*}.

Then by generalized Pfaffian equations, we get

@D _ popy
(dt)a P

dp)*
(dn)

(12)

o

which is called fractional Hamiltonian equations.

5 Fractional Nambu Mechanics

The fractional generalization of the 2-form (9) can be defined by
QP = q(dp)* A (dr)* — Hid*Hy A (dt)*. (13)
The fractional exterior derivative of the fractional 2-form (13) is
d*QY = d*(q(dp)® A (dr)*) —d*(Hd* Hy A (d1)*). (14)
Using identities

d*{q(dp)* A (dr)*}
=D{qdn)* A (dp)* A (dr)* +Dgq(dq)* A (dp)* A (dr)*
+Dq(dp)* A(dp)* A (dr)* +DJq(dr)* A (dp)* A (dr)?,

and

d*Hy = DY Hy(d1)* + D2 Hy(dq)* + D Hy(dp)* + D¢ Hy(dr)?,
d*Hy A (d1)* = DY Hy(d1)* A (d1)* + D% Ha(dg)® A (d1)*
+D%Hy(dp)® A (d1)* + DE Hy(dr)® A (d1)°,
d* Hy = D Hy (d1)* + D2 Hy (dg)* + D% Hy (dp)* + DE Hy (dr)*,
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we get

d*Q® = (DY H, D% H, — D%H, D¢ H>)(dq)* A (dp)* A (d1)"
+ (D Hy D} H, — DY H, DY Hy)(dq)* A (dr)* A (d)*
+ (Dng DgHQ — Dng DgHz)(dp)m A (dr)” VAN (dl‘)a.

By the definition of

0% (H,, Hy)
=LY (DYH\DH, — D*H,D* H,),
9 (p.1) (D, H\D H, , HiD Hy)
8QH"HZ)—(D‘)‘Ilr D*H, —D“H,D® H,) (15)
aa(q’r)_qlr2y1425
9% (H,, Hy)
L (DYHD*H, — D*H,D H,),
5. p) (D H,D, H, — D H\ Dy H>)
we get
" . 0%(H,H2) . 0%(H,H2)
d* (@) ={(dq> v (1) }A{@lp) — ) }
*(p,r) a%(q,r)
9%(Hy, H2
A {(dr)“ - g(dm}. (16)
9%(q, p)
Now we get the generalized Pfaffian equations
3*(Hy, H
(g — S (e g (7)
*(p,r)
3*(Hy, H
@pyr — LD e (18)
a%(q,r)
3*(Hy, H
@yt — LHL ) e (19)
9%(q, p)

By analogy of integer order these equations are called Fractional Nambu equations.

6 Example

As an example we consider a coupling two symmetric tops. The coupling introduced is
proportional to the r component. In the following equations are the generalized Nambu
functions corresponding to our example, namely

1 1
Hi=3(qi +pi+m)+ 5@ +p+r), (20)
I(ai i r?) 1<6122 P r%)
H2=—(—+—+— +-(=+"=+-=)+cern. 21
2 Iql Im I"] 2 qu Ipz Irz

Where ¢;, p;, i (i =1,2) angular momenta of the tops in their respective body coordinates
and I, I,,;, I, are the moments of inertia about the g;, p;, r; axes respectively. The constant
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¢ depends on the initial orientation on the tops in the laboratory frame. Using (17), (18) and

(19) we obtain

3% (H,, H

dg;)* — M(m)“ =0, i=1.2
0% (pi, i)
9% (H,, H

(dp)® — M(m)a =0, i=1.2
0%(qi, ri)
9% (H,, H

(dr)* — M(dt)“ -0, i=1,2.
9%(qi, pi)

It follows easily generalized coupling two symmetric tops equations

o [I[ T® Tpisri™® ¢ TG TQ ..,
(dq1) _{_I:FG—O[):I I +EI‘(3—a) I,(2_0[)r2r1 P
1 F(3) 2p% o 2 —a .
"[m—a)} I }(dt) -
o JI[ TG Tai“ri® ¢ T TOQO ..,
s b ] R et e e

1|: F(3) j|2q12 o 2 o
4G -a) I

q1

}(dt)“ =0,

. (1] TG Te¥ep> 1] TG Trad |, .
(drl)—{z[ ] —z[ ] Iy }(d” =

II’I

ré—ouw réG—oa

Also we can obtain for ¢, p, and r, the same equations as follows:

o [ TO T ¢ T TQ iy,
) _Hm—a)] I, " 2TG-oTre-o ' P
_l|: F(3) j| p2 - }(dt)a_o
4TG-w ] 1,
. [1[ T®) Tt e TG TQ o,
(@p2) ‘{Z[r(s—a)] TItG-wra-o " ?
2 2a2a
_l[ E) ]qZ }(dt)":O,
ré-a| I,

1 1

92

2 2—a 2-a 2 2-a 2-a
(drz)m_{i[ F(3) ]42 pZ _%[ F(3) ] p2 qZ }(dt)a:().

I'é—-ow 'é—ow

P2

Remark The standard case corresponds to o = 1.

7 Conclusion

(22)

(23)

(24)

(25)

(26)

€2))

(28)

(29)

(30)

The fractional dynamics started to play an important role in various fields of science and
engineering. The fractional mechanics was found suitable for describing the phenomena in-
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volving friction. The approaches to generalize the classical mechanics are different, one is
based on fractional forms and another one is based on the fractional generalization of the
classical mechanics, namely by using the fractional variational principles and the fractional
Legendre transformation. In this manuscript we used the method based of fractional differ-
ential forms and the fractional exterior derivative of the fractional 2-form. The generalized
Pfaffian equations are obtained. The example represents a coupling of two symmetric tops.
The corresponding Pfaffian equations are obtained and in the limit &« = 1 the classical case
is obtained.
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